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GALOIS MODULE STRUCTURE OF MILNOR
K-THEORY IN CHARACTERISTIC p
GANESH BHANDARI, NICOLE LEMIRE⋆, JA´N MINA´Cˇ†,
AND JOHN SWALLOW‡
Abstract. Let E be a cyclic extension of degree pn of a field F
of characteristic p. Using arithmetic invariants of E/F we deter-
mine kmE, the MilnorK-groupsKmE modulo p, as Fp[Gal(E/F )]-
modules for all m ∈ N. In particular, we show that each indecom-
posable summand of kmE has Fp-dimension a power of p. That all
powers pi, i = 0, 1, . . . , n, occur for suitable examples is shown in
a subsequent paper [MSS2], where additionally the main result of
this paper becomes an essential induction step in the determination
of KmE/p
sKmE as (Z/p
s
Z)[Gal(E/F )]-modules for all m, s ∈ N.
In the 1960s Z. I. Borevicˇ and D. K. Faddeev classified the possible
Fp[Gal(E/F )]-modules k1E, where E is a cyclic extension of degree p
n
of a local field F . (See [Bo].) This result has recently been generalized:
first in the n = 1 case, replacing the local field F by any field containing
a primitive pth-root of unity [MS]; and later to all base fields F and
all cyclic extensions E of degree pn [MSS1]. Then three of the authors
obtained a generalization from k1 to km, handling all Fp[Gal(E/F )]-
modules kmE, m ∈ N, provided that n = 1 and F contains a primitive
pth-root of unity [LMS]. This result, in turn, led to new restrictions
on possible absolute Galois pro-p groups [BLMS].
The particular case of fields of characteristic p is important not only
for its intrinsic value but also because the case arises naturally in con-
sidering the residue fields of valuations on fields of characteristic 0.
This case, however, has been treated only as far as k1E for E/F cyclic
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of degree pn [MSS1]. Twenty years ago Bloch, Gabber, and Kato estab-
lished an isomorphism between, on one hand, Milnor K-theory modulo
p in characteristic p and, on the other, the kernel of the Artin-Schreier
operator defined on the exterior algebra on Ka¨hler differentials [BK].
Not long afterward, two significant papers by Izhboldin considered Mil-
nor K-theory in characteristic p and, using the previous work of Bloch,
Gabber, and Kato, ascertained its important Galois module properties
[I1, I2].
In this paper we establish that these two results of Izhboldin are
enough to determine precisely the Galois module structure of the Mil-
nor groups KmE mod p when E is a cyclic extension of pth-power
degree of a field F of characteristic p. The result is simple and useful:
these modules are direct sums of trivial modules and modules free over
some quotient of the Galois group. Equivalently, the dimensions over Fp
of the indecomposable Fp[Gal(E/F )]-modules occurring as direct sum-
mands of KmE/pKmE are all powers of p. In [MSS2] it is shown that
in fact each indecomposable summand of dimension pi, i = 0, 1, . . . , n,
occurs in suitable examples.
Our decomposition of the Fp[Gal(E/F )]-module kmE into indecom-
posables in Theorem 2 is not canonical, although the ranks of the
summands which are free over the various quotients of Gal(E/F ) are
invariants of the Fp[Gal(E/F )]-module kmE. Still, our results do have a
canonical formulation, stemming from Lemma 4, which is in fact equiv-
alent to Theorem 2. In particular, the filtration of (kmE)
Gal(E/F ) ≃
kmF , induced by the images of successive powers of the maximal ideal of
Fp[Gal(E/F )], is determined by the images of the norm maps kmEi →
kmF , where Ei runs through the intermediate fields between E and F .
It is possible that one could use the results in [J] to obtain alternative
proofs, but we preferred a more self-contained, short derivation instead.
In [MSS2] our main result is used as a critical first induction step
to determine KmE/p
sKmE as a (Z/p
s
Z)[Gal(E/F )]-module for all
m, s ∈ N. The classification problem of (Z/psZ)G-modules for cyclic
G is nontrivial and in fact still not complete, despite some important
results when, for instance, the module is free over Z/psZ. (See [T]
and the references contained therein.) However, one can describe the
(Z/psZ)[Gal(E/F )]-module KmE/p
sKmE completely and simply.
We assume in what follows that all fields have characteristic p and
that m is a fixed natural number. For a field F , let KmF denote
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the mth Milnor K-group of F and kmF = KmF/pKmF . (See, for
instance, [Ma] and [Mi, IX.1].) If E/F is a Galois extension of fields, let
G = Gal(E/F ) denote the associated Galois group. When G is a cyclic
group we write G = 〈σ〉, with a suitable fixed generator σ. For the sake
of simplicity we write ρ instead of σ − 1. We write iE : KmF → KmE
and NE/F : KmE → KmF for the natural map induced by the inclusion
and the norm maps, and we use the same notation for the induced maps
modulo p between kmF and kmE. In order to avoid possible confusion,
in a few instances we write iF,E instead of iE .
Izhboldin’s results are as follows.
Lemma 1 ([I2, Lemma 2.3]). Suppose E/F is cyclic of degree p. Then
iE : kmF → (kmE)
G is an isomorphism.
Theorem 1 (Hilbert 90 for Milnor K-theory: [I1, Corollary of Propo-
sition 5], [I2, Theorem D]). Suppose E/F is cyclic of pth-power degree.
Then the following sequence is exact:
KmE
1−σ
−−→ KmE
NE/F
−−−→ KmF.
Now suppose E/F is cyclic of degree pn. For i = 0, 1, . . . , n, let
Ei/F be the subextension of degree p
i of E/F , Hi = Gal(E/Ei), and
Gi = Gal(Ei/F ). Our main result is the following
Theorem 2. There exists an isomorphism of FpG-modules kmE ≃
⊕ni=0Yi, where
• Yn is a free FpG-module of rank dimFp NE/FkmE,
• Yi, 0 < i < n, is a free FpGi-module of rank
dimFp NEi/FkmEi/NEi+1/FkmEi+1, and
• Y0 is a trivial FpG-module of rank dimFp kmF/NE1/FkmE1.
Our proof of Theorem 2 relies on a filtration lemma, Lemma 4, which
shows that certain elements in kmE are expressible as norms. That the
various norm groups NEi/FkmEi contain enough elements is, in fact,
the key to this lemma. In section 1 we present technical results on
FpG-modules. In section 2 we state Lemma 4, prove that Theorem 2
is a corollary to Lemma 4, and prove basic lemmas in preparation for
its proof. This proof is finally presented in section 3.
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1. FpG-modules
For the reader’s convenience, after introducing some notation, we
recall in this section some basic elementary facts about FpG-modules.
(See [C] and [L].)
Let G be a cyclic group of order pn with generator σ. We denote
σ − 1 as ρ. For an FpG-module U , let U
G denote the submodule of U
fixed by G. For an arbitrary element u ∈ U , we say that the length
l(u) is the dimension over Fp of the FpG-submodule 〈u〉 of U generated
by u. Then we have
ρl(u)−1〈u〉 = 〈u〉G 6= {0} and ρl(u)〈u〉 = {0}.
If we want to stress the dependence of length l(u) on G, we write lG(u).
As usual, if U is a free FpG-module with U = ⊕i∈IFpG, we say that
U is a module of rank |I|. Denote by N the operator ρp
n−1 acting on
module U .
We use the following general lemma about FpG-modules. The simple
proof of this lemma is omitted.
Lemma 2 (Exclusion Lemma). Let Mi, i ∈ I, be a family of FpG-
modules contained in a common FpG-module N . Suppose that the Fp-
vector subspace R of N generated by allMGi has the form R = ⊕i∈IM
G
i .
Then the FpG-module M generated by Mi, i ∈ I, has the form M =
⊕i∈IMi.
We also use the following result about the restriction of a cyclic
FpG-module to a subgroup.
Lemma 3 (Restriction Lemma). Let Y be a cyclic FpG-module of
length l generated by γ. Then lHk(γ) is the unique integer such that
l = (lHk(γ)− 1)p
k + r for some unique integer 1 ≤ r ≤ pk. Moreover,
Y ≃ V rlHk (γ)
⊕ V p
k−r
lHk (γ)−1
where Vi is a cyclic FpHk-module of length i.
Proof. The formula for lHk follows immediately from the definition of
length. Since {ρiγ | 0 ≤ i ≤ l − 1} is an Fp-basis for Y = FpGγ, then
FpGγ
∣
∣
Hk
= ⊕p
k−1
i=0 FpHkρ
iγ ≃ V rlHk (γ)
⊕ V p
k−r
lHk (γ)−1
since lHk(ρ
jγ) = lHk(γ) if 0 ≤ j < r and lHk(ρ
jγ) = lHk(γ) − 1 if
r ≤ j ≤ pk − 1. 
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Finally, we need a general structure proposition about FpG-modules
that shows that the structure of an FpG-module X can be determined
from the natural filtration on XG obtained by taking the intersection
of XG with the images of X under the successive powers of the aug-
mentation ideal of FpG. The proposition below is proved for cyclic
p-groups as [LMS, Proposition 2]. The generalization to cyclic groups
of order pn is automatic.
Proposition 1. Let X be an FpG-module. Set Lpn = ρ
pn−1X, and
for 1 ≤ i < pn, suppose that Li is an Fp-complement of ρ
iX ∩ XG in
ρi−1X ∩XG.
Then there exist FpG-modules Xi, i = 1, 2, . . . , p
n, such that
(1) X =
⊕pn
i=1Xi,
(2) XGi = Li for i = 1, 2, . . . , p
n,
(3) each Xi is a direct sum of dimFp(Li) cyclic FpG-modules of
length i, and
(4) for each i = 1, 2, . . . , pn, there exists an Fp-submodule Yi of Xi
with dimFp(Yi) = dimFp(Li) such that FpGYi = Xi.
2. Milnor k-groups
If α ∈ KmE we write α¯ for the class of α in kmE. For γ ∈ KmE, let
l(γ) denote the dimension over Fp of the FpG-submodule 〈γ¯〉 of kmE
generated by γ¯. Because ρp
n−1 = 1 + σ + · · ·+ σp
n−1 in FpG, we may
use iENE/F and N interchangeably on kmE.
We will prove the following key lemma by induction on n.
Lemma 4. Let 1 ≤ j ≤ pn and let 0 ≤ i ≤ n be minimal such that
j ≤ pi. Then
ρj−1kmE ∩ (kmE)
G = iENEi/FkmEi.
Remark. Note that Lemma 1 proves this result for j = 1 and n = 1.
Note also that for j = pn, the result holds by definition. Moreover, for
i minimal such that j ≤ pi,
iENEi/FkmEi = iEi,EiF,EiNEi/FkmEi = ρ
pi−1(iEi,EkmEi)
⊆ ρp
i−1kmE ∩ (kmE)
G ⊆ ρj−1kmE ∩ (kmE)
G,
so it suffices to show the inclusion in the opposite direction.
Before proving this lemma, we show
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Reduction to Lemma 4. Theorem 2 holds for those cyclic extensions
of degree pn for which Lemma 4 holds.
Proof. We apply Proposition 1 to kmE. Set Lpn = iENE/FkmE, and
for 0 ≤ i < n, define Lpi as an Fp-complement of iENEi+1/FkmEi+1 in
iENEi/FkmEi. We also set Lk = {0} for each k ∈ {1, 2, . . . , p
n} which
is not a power of p. Note that (kmE)
G = iEkmF by Lemma 4 applied
to j = 1. Then, Lemma 4 shows that the Fp-modules Lj , j = 1, . . . , p
n,
satisfy the conditions of the proposition. By the proposition we have a
decomposition of kmE into a direct sum of FpG-modules
kmE = ⊕
n
i=0Yi,
where Y Gi = Lpi and Yi is a direct sum of
dimFp Lpi = dimFp iENEi/FkmEi/iENEi+1/FkmEi+1
= dimFp NEi/FkmEi/NEi+1/FkmEi+1
cyclic FpG-modules of length p
i, using Lemma 1 for the last equality.
Equivalently, Yi ≃ ⊕TiFp(G/Hi), where the cardinal number of Ti is
dimFp Lpi, and therefore Yi is a free FpGi-module of the same rank. 
We now prove several lemmas as partial results toward the proof of
Lemma 4. Note that it is only in these lemmas that Theorem 1 is used
in this paper.
Lemma 5. Lemma 4 holds for all cyclic extensions E/F of degree
p > 2.
Proof. Let G = Gal(E/F ). By the remark to Lemma 4, it suffices to
show the left-to-right inclusion of Lemma 4. Let γ ∈ KmE such that
0 6= ρl−1γ¯ ∈ ρl−1kmE ∩ (kmE)
G where 1 < l ≤ p. Then l(γ) = l. We
show by induction on i, l ≤ i ≤ p, that there exists αi ∈ KmE such
that
〈ρi−1α¯i〉 = 〈γ¯〉
G.
Then since ρp−1α¯p = iENE/F α¯p,the proof will be complete. If i = l
then αi = γ suffices. Assume now that l ≤ i < p and our statement is
true for i.
Set c := NE/Fαi. Since iE c¯ = Nα¯i = ρ
p−1α¯i and i < p, we conclude
that iE c¯ = 0. By the injectivity of iE from Lemma 1, c¯ = 0. Therefore
there exists f ∈ KmF such that c = pf in KmF .
GALOIS MODULE STRUCTURE OF MILNOR K-THEORY 7
We calculate
NE/F (αi − iE(f)) = c− pf = 0.
By Theorem 1, there exists ω ∈ KmE such that ρω = αi−iE(f). Hence
ρ2ω = ραi. Since i ≥ 2,
〈ρiω¯〉 = 〈ρi−1α¯i〉 = 〈γ¯〉
G
and we can set αi+1 = ω. 
Lemma 6. Lemma 4 holds for all cyclic extensions E/F of degree 2
or 4.
Proof. By the remark to Lemma 4, it suffices to prove that for E/F a
cyclic extension of degree 4,
ρ2kmE ∩ (kmE)
G ⊆ iENE/FkmE.
Let γ ∈ KmE such that 0 6= ρ
2γ¯ ∈ ρ2kmE ∩ (kmE)
G. Then l(γ) = 3,
and set β := ργ. We have
(σ2 − 1)β¯ = ρ3γ¯ = 0.
By Lemma 1 applied to E/E1, β¯ ∈ iE1,EkmE1. Let b ∈ KmE1 such
that iE1,E b¯ = β¯.
Set c := NE1/F b. Then
iF,E c¯ = iE1,E(σ + 1)b¯ = (σ
2 − 1)γ¯ = iE1,ENE/E1γ¯,
and since l(γ) = 3, 〈γ¯〉G = 〈iF,E c¯〉. By Lemma 1 we see that iF,E1 c¯ =
NE/E1γ¯ and therefore NE/E1γ = iF,E1c+ 2g for some g ∈ KmE1.
Now NE/Fγ = NE1/F (iF,E1c + 2g) = 2c + 2NE1/F g. Set δ := b + g.
We calculate
NE/F iE1,Eδ = 2c+ 2NE1/F g,
so that NE/F (γ− iE1,Eδ) = 0. By Theorem 1 there exists an α ∈ KmE
with ρα = γ − iE1,Eδ. Then, observing that ρ
2(iE1,Eδ) = 0 since δ ∈
KmE1, we see that
iF,ENE/F α¯ = ρ
3α¯ = ρ2(γ − iE1,Eδ) = ρ
2γ¯,
as required. 
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3. Proof of Lemma 4
We prove Lemma 4 and hence, using the Reduction to Lemma 4,
Theorem 2. We do so by induction on n, using Lemmas 5 and 6 as
base cases and assuming the result for cyclic extensions of degree pn−1.
Observe that Lemmas 5 and 6 and the Reduction to Lemma 4 give us
that Theorem 2 holds for degree p and, if p = 2, then for degree 4 as
well. By the remark to Lemma 4, it suffices to prove that
ρj−1kmE ∩ (kmE)
G ⊆ iENE/FkmE
for all pn−1 < j < pn.
Assume that kmE = ⊕γ∈ΓFpGγ is a decomposition of kmE into cyclic
FpG-modules given by Proposition 1. Cyclic FpG-modules are indecom-
posable, and they are moreover self-dual and local, therefore with local
endomorphism rings. By the Krull-Schmidt-Azumaya Theorem (see
[AF, Theorem 12.6]), all decompositions of J into indecomposables are
equivalent. (In our special case one can check this fact directly.)
First assume that p > 2. We know by Lemma 5 and by the Reduction
to Lemma 4 that kmE|Hn−1 is a direct sum of trivial and free FpHn−1-
modules. Suppose that γ ∈ kmE satisfies p
n−1 < l(γ) < pn. We want to
show that ρl(γ)−1 γ ∈ ρp
n−1kmE = iEkmE. Without loss of generality
we may assume that γ generates a cyclic FpG-summand of kmE. Since
l(γ) < pn, then by Lemma 3, FpGγ|Hn−1 contributes direct summands
which are not free or trivial, a contradiction. Hence a cyclic generator
γ with length greater than pn−1 must have length pn.
Now assume p = 2. Suppose that γ ∈ Γ satisfies 2n−1 < l(γ) < 2n.
By Lemma 6 and the Reduction to Lemma 4, kmE|Hn−2 is a direct sum
of cyclic F2Hn−2-modules of lengths 1, 2, and 4, and F2Gγ is a cyclic
summand of kmE. By Lemma 3, we know that F2Gγ|Hn−2 contributes
cyclic F2Hn−2-summands of length 3, a contradiction. Hence a cyclic
generator γ ∈ Γ of length greater than 2n−1 must have length 2n.
In both cases, we have shown for pn−1 < j ≤ pn that
ρj−1kmE ∩ (kmE)
G = iENE/FkmE,
as desired. 
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